fl

A NEW FAMILY OF LIPE DISTRIBUTIONS

by

Z. W. Birnbaum®*
University of Washington
Seattle, Washington

and
Sem C. Saunders

Boeing Scientific Research Laboratories
Seattle, Washington

Ap€Es724

Technical Report No. 52
March 22, 1968

Contract N-onr=477(38)

Laboratory of Statistical Research
Department of Mathematics
University of Washington

Seattle, Washington

This research was supported by the Office of Naval Research.
Reproduction in whole or in part is permitted for any purpose
of the United .States Government.




TATUEN

,,.
ST S

sy

AN L TRy s

W mag ammgecp e

SEVETEN NI

ke .

e e gy ;-»-“,m.w-‘,l .

by

Z. W, Birnboun *
Lniversity of Vashiington
Seattle, Washington
and

Sam C. Saunders
Boeing Scientific Research laborotories
’ Scattle, Washington

*The research of this autlior was supported in rart vy the Office
of Naval Research and in part by The moeing: Company,




SUMMARY

A new two pdramcter family of life length ¢istributions
is presented which is derived from a model for fatigue. Thls
derivation follows from considerations of renewal theory for
the n.mber of cycles needed to force a fatigue crack extension
to exceed a critic.l value. Some closure properties of this
family are given and some comparisons made with other families

such as the lognormal which have been previously used in

fatigue studies.
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1. TIWTRODUCT1ON

1t 15 well known that for the amount of fatigue data which can usually
be obtained almost any two dimensional parametric family of disctributions
zan be made to £it reasonably well. In fact, in the region of central
tendency the logrormal, the Weibull, the Gamma, etc., can all be fitted by
parametric estimation and because of the relatively small sample sizes hardly any
can be rejected by, say a Chi-square Goodness of Fit test., However, when
it becomes a question of predicting the "safe 1ife" say the one thousandth

percentile, there is a wide discrepancy between these mcdels.

For this reason a family of distributions which is obtained from
considerations of the basic characteristics of the fatigue process should
be more persuasive in its Iimplications than any ad hoc family chosen for
extraneous reasons. In this paper we derive, using some elementary renewal
theory, a two parvameter family of nonnegative random variables as an
idealization of the number of cycles necessary to force a fatigue cracﬁ

to grow to a critical value. We then examine some of its relevant

properties.r
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2. A MODEL FOR THE DISTRIBUTION OF LIFE
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We propose a basic framework and notation which is similar to that
used previously in [ 3], We consider only atandardized material specimens
which are subjected to fluctuating stresses by & periodic loading. By a
load (or load vscillation) we mean a cont?nuous unimodal function on the
unit interval, the value of which &t any time gives the stress imposed
by the deflcction of the specimen. Let Bolyy.en be the sequence of
loads which are to be applied at each oscillaticn so that at the 1th

oscillation load ii 18 imposed., We suppose that the loading is cyelic

! in the sense that for some m > 1 and all i=l,...,m
ljm+1 " Yol for all § ¥ k (2.1.1)
and the loading is continuous so that for all i-1,2,...

£i+1(0) = li(l). (2.1.2)

Hence the (J41)** zyele o the loading (L yvevibids

We assume that fatigue failure is due to the initiation, growth and
ultimate extension of a dominant crack. At each oscillation this crack is
extended by some amount which is a random function due to the variation in
the materfal, the magnitude of the imposed stress and a certain number of
the prior loads and perhaps the actual crack extensions caused by the

prior loads in that ¢ycle.

Thus we now make our first assumption

1* The increrental crack extension Xi following the application

of the 1th oscillation 18 a random variable with a distribution which
depeads upon all the loads and actual crack extensions which have

preceded 1t in that cyele.
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The crack extensfon during the (_1+l)8t cycle is

Vyap * Kymar *100% Xy for  §=04ly.0s,

where ij*i

load Zi applied in the 1th oscillation of the (j*l)': cycle,

is the (possibly microsconic) crack extersion following the

It follows from Assumptton 1*, regardleis of how much dependence
exists botween the successive randowm extensions per oscillatfon in each
cycle, that the random total crack extensiors per cycle are
independent.  Qur notation will te

1
o= Y Yy
n =1
which has distribution function

Hn(w) - P[Nn < w], for n=l,2,... .
1t follows from elementary probability considerations, see p. 169, [¢],
that the distribution of C, the number of such cycles until failure, in

the case failure is defined as the crack length exceeding some fixed

~critical length - for the first time, 1s

PlC<n) = 1 - H (o). (2.2)

1f we suppose that we are dealing with a long cycle of ~.iillations
which is as complex as the groundwair-ground cycle in acrorautical fallurc
studivs, it might be reasounable to assume “hat cach cycle ftself consist.
of a large numbcr of distinct phases of loading. Even though the total
crack extension pey cycle is the sum of randes variables which are net

necessarily indipendent or identically distringred, the nurber of sy tania

Inc



might be sufficiently large to make {t reasonable to assume that

the total crack extension per cycle {s normally distributed.

Thus we could formally make a second agsumption
2* The total crack extension Yj due to the jth eycle 15 a

normal random variable with mean 4 and variance cz for all

. 3=1,2,... .

As a prssible alternative one could postulate that the distribution

of the crack extension might be different for the earlier cycles than it

- —

would be for the later ones. One of the first suppositions might be to
make the distribution of the extension per cycle depend upon the size of
the crack at the start of the cycle. One such assumption and the result-

ing distribution of the total crack length at the end of n c¢ycles is

presented in Section 4. We do not make that assumption here

A 52

but instead, for reasons of simplicity, proceed with the study of the

implications of the one above.
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Note that the crack extension per cycle must be a nonnegative random
variable. Thus in order for the Assumption 2° to apply we must regard as
negligible the probability with which this ncrasl variable becomes negative

e.g. by assuming

> 30 > 0. 2.2.1)

It now follows from Assumptions 1® and 2° that the Y, are independent

b

and identically distributed normal random variables. Thus we have as the

distribution of C from (2.2)

P{Cxn] -1-9q§§m)-9%£%l-ff ) (2.3)
nag no

where O is the distriocution function of the standard normal variate with

zera mean and unit variance defined for -~= <y <« by

Y 1 -t
N(y) = ~2— ¢ de. (2.4)
f-« /2
We write
9 171
a = y B == (2.5)
v u

and replace n by the nomnegative real variable t > 0, 1f we now denote
the continuous exten<ion of the discrete raador varfable € by 7T, a
continuous nonnegative random variable, then it follovs by (2,3) and (2.3)
that T has the life distribution

F(ttu,?) = ‘)}I-l- £(t/e)) for t >0 (2.6)
where e

a >0, £>0
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This two-parameter family of distributionz is a plausible model for the
distriburion of fatigve 1ife. The set of all life distributions of the
form {2.6) for o,f > 0 will be denoted by & and most of this paper
will be devotcd to the study of its properties. We shall also refer to
the law which has the distribution (2.6) with the somewhat shorter

notation F(a,B).

Of course, there are motivational derivations for other distributions
as well, The weibull distribution, which 1s well known for ! .s applications
as a life length distribution and for fatigue life in particular, is obtained
as a special case of the extreme value digtributions, see p. 302 [7].
The Gamma fawmily has also been obtained as a distribution of life by

utilizing a model of a bundle of strands which are supporting a tensile

load, see [4].

It i instructive to make a comparison between the derivation of

the family of distributions ¢ and an appropriate adaptation of the

classical heuris_ic argument, found for example p., 219, Cramér (5], as
it might be used to obtuin the loguormal distributiom of the time until

failure iu fatigue. We present this derivation in Section 5.
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3. SOME PROPERTIES OF O

Let T have the distribution defined in (2.6).
Note that T 48 a two-parameter random varianble with 8 as a
location parameter since it iz the median of the distributicn. (¥e nhow
later that B 4s neither the mode nor the mean.,) Notice also that a {s
a shape parameter aud £ 4 scale parareter. As we have seen % £(T/2)

ig & standird normal tandom variable with wmean zero aand unft vartance,
2

If we let X be N0, %r) we see that, in distribution,
2X = £(T/R). (3.1)
If we define the function ¢ by
v(x) = £ 1(2x) for all real «x, (3.1.5)
then
T = By(X) (3.2)

From elementary algebra we find that

px) = [p (0] (3.3)
where
p(x) = x + ¢x2+ . (3.4)
So by (3.2)

2 [2

T = 8[1 4 2X° 4+ 2X/1+x° ] (3.5)

where X 1s N(0, %r). Hence we have {mmediately

2
E(T) = &£(1 + %;) (3.5.1)
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E(T) = 8°(1 + 2a +-%—
2 502

var(T) = (@8)" (1 + -z—) (3.5.2)

and we note that for fixed « the varfance of T increases as the scale
parameter {median) £ 4ncreases. This Is not true for the lognormal
diszributisn but empirical evidence shows that it is true for the fatigue

lives themselves.

By noting that

;%:T . -x + Mex’ - p(-x) 3.5.3)

we see that, whenever -X has the same distribution as X, we have by

(3.3), in distribution,
1 . 1
;ziy = p(X) and ETYT = y(X). (3.6)

Thus there follows immediately from (3.2) the

g then % has a distribution in & given by F(a, %9. Moreover, for any
real a > 0, the random variable aT has a distribution in & given by

F(a,aR).

It is known that every random variable with distribution defined by
(?2.2) for which the Yj are nonnegative and have densities whicl: are Pélva
frequency functions of order 2, has an increasing fallure rate, see [1].
We now show that the random variable T does not have this property and
moreover the failure rate does not even increase on the average vhich is a

weaker condfxlon, ses [?]. However, it iust barely fails to have this Jast

condition satisfied.

Theorem 3.1.  1f T has a fatigue life distribution F(a,8)y in . _




Remark 3.2. T does not have a faillure rate which 1increases on

the averuge,
Proof. Without loss of generality take o « B = I and define
Qct) = -en{l - N{e(eI]}.
Writing Mill's ratio %
MCE) = €1 - NI (5) |

then applying L'Hospital's rule to Q(t)/t for t + = and using (4.1.1)

of the next section we obtain

Q) | WLEI] . ey 1-¢72
t  C 19fe(n)] ()]

We know that as § - = we have

M) =1 -1+ 406,
£ 14
o MmO 1 1 .
Hence goe f =3 but Q1) = . 7 » 2" This proves our contention

that Q&}Z does not always increasc .||

Actual numerical calculation shows that Qﬁﬁl decreases slowly for
t > 1.64 as Figure 1 shows. Since normal random variables do have
densities which are Pélya frequency functions of order 2 the reason the

fallure rate can decrease is that our summands fail tu Le nonnegalive with

probability one.

We do not regard this as being a serious shortcoming to our family of

distributions when applied to fatigue, any more than the negativ ty of the
A ]

normal distribution vitiates its usefulness when applied to such things as

measurenents, which theoreticall, cannot be uegative.
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Figure 1
Graphs of the density f, the distribution ¥, the hazard rate g,
and the average hazard rate h where for t » 0
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4, A SECOND MODEL FOR THE DISIRIBUTION OF LIFE

In this section we replace the Assumption 2° by the more general

one

2' The crack extension Y during the (n+l)Gt cycle, given

o+l

that the total crack length was 8 at the start of the cycle,

is a noimal random variable with mean u + §s,

6 > 0, and variance 02 for each n=1,2,...

.

for some constant

By formula (2.2), to find the distribution of C {t is necessary and

sufficient that we find the distribution of Wn, called Hn'

By assumption

PIY <y | W =s] -92(L-Jac§'§)

and for n=l

H() =NEH oy <o, (4.1)
Now by definition, setting y=x-s R
- ® ~u-8s
By, () f_a NEZL=LE gy _(s) . (4.2)
We can now prove the
Theorem 4.1 The total crack length W , at the end of the
nth cycle, is normal with mean Vo and variance 02 where
2n
i +£)° =
by = 4 Lr0Pe1],  oF m P AL (4.3)
(1+6)7-1
Proof by induction. The statement is true for n=1. Agsume it truc

for n, then from (4.2)
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where
- X0 -
U= iFs Ve

But this we rncognize as the usual convoluticon of two normal random

variables and hence the result is

u=y
LI ORRN 7——-—“ ‘
n+l v2+a§
Hence by simplification we find that

2

bpgy = W+ H8u,  oX, = o’ 4 (1+s)zo§

ntl

and one checks that formulas given do satisfy the recursion relations
(4.3).]]

Stricily speaking a proper distribution, analogous to that

obtained in (2.6), which would be the continuous extension of the

present case, cannot be generated since P[C < =] < 1.

For, one can see that

Un"w
P[C < n] = N 5 )

n
and as n +» * we have un/cn - f& v (1+6)2-l < o,

Of course this would not be of practical significance, since we are

restricting ourselves to situations where % > 3, see (2.2.1), hence
" L

im =% > 3/2/6 for 0 <8 <1, and lim gﬂ > 3 for any 6.

now n n
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§. A DERIVATION COF Thi LOSNCORMAL DISTRIBUTICH

In our notation the lth oscillation is caused by the loading function
L and the rrack extension depends upon both the loading function and the
size of the crack alteady attained at the time when the oscillation was

begun.

L
[
w
t
TR PO TR TROIURIRG PPt SO SUPPIOHEPRN TSNS,

Consider the n loads 21.....!n which have resulted in a crack

of size Wn, then

D e ome o1 s

] - W = .]:_j_l_.. 1’
n+l n 60€n) ' i I
assuming the incremental growth of the crack is proporticnal to some i

of the loading function ¢ imposed at that

random functional Ln+ o+l p

1

timc, and some function of the size of the crack 5(wn). Now we have

n
Ly +eeet L = jg CRCARPLICANPR

Letting n become large we then have the left-hand side becoming
 asymptotically a normal random variable, due to the periodicity of

loading, while the right-hand side becomes in the limit

fz §(t)de.,

2

If we take &(t) = 1/t then 2 becomes asymptotically lognormal.

The important distinction between this derivution and that which
we previously considercd is that while a given number of identically
distributed summands does approach normality as the number gets large,
a random number with large mean of identically distributed summands
does not necessarily do so. Moreover, we maintain that what {s at
question here is the nunber of impulses required to excecd a certain
critical crack sizv and it is {ndced & random nunber of cveles whieh will

be necessary to accemplish this,




- ECETIT LT

-14-

6. CONCLUSION

A derfvation, based on plausible phyyical considerations, for
& family of distributions is, by itself, not a conclusive argument
that such a particular family should be used in life studies. No
family, hcwever reasonable its derivation, can be accepted for use in
fatigue life studies until it is confronted with actual fatigue dats
obtained under various conditions and the distribution is shown to

represent adequately the life length A which are obtained.

In order to do this one must have the theory of estimation
for this family completed. The derivation of parametric estimators
and the ancillary computing formulas for this family will be presented
in a later study. Also further studies of the application of this
distribution to the calculation of "safe life" will be made. Thus the
confrontations of this family with actual data will be carried out, to

provide the justification for this presentation.
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